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Abstract We consider the d +1-dimensional effective interface model of gradient type with
a quadratic interaction potential and a self-potential. Without the self-potential, the model
coincides with the d-dimensional massless Gaussian field. We show that for an arbitrary
repulsive self-potential which can be thought as interaction of the interface with a “soft
wall”, the field is pushed up at least to the same level when the original Gaussian field is
conditioned to be positive everywhere, namely the “hard wall” condition is imposed.

Keywords Entropic repulsion · Random interface · Gaussian field · Self-potential

1 Model and Result

Under the situation that two distinct pure phases like crystal/vapor coexist in space, hy-
persurfaces called interfaces are formed and separate these distinct phases. The effective
interface model of gradient type is one of the microscopic modelization of such phase sep-
arating interfaces. In this model, the interface in the d + 1-dimensional space is modeled as
the graph of a random height function from Z

d to R and its distribution is given by a Gibbs
measure with an interaction depending on the gradients of the field. One of the problems
related to such interface is the study of localization/delocalization transition by the effect
of various external potentials and it has been quite active in recent years. In this paper we
consider a class of self-potentials which can be thought as interactions of the interface with
a “soft wall” and study its push up effect.

Let d ≥ 2 and �N = [−N,N ]d ∩ Z
d . For a configuration φ = {φx}x∈�N

∈ R
�N ≡ �N ,

consider the following Hamiltonian:

HU
N (φ) = HN(φ) +

∑

x∈�N

U(φx),
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where

HN(φ) = 1

8d

∑

{x,y}∩�N �=φ
|x−y|=1

(φx − φy)
2
∣∣∣
φ≡0 on �c

N

= 1

2
〈φ, (−�N)φ〉�N

,

�N is a discrete Laplacian on Z
d with Dirichlet boundary condition outside �N and

〈 · , · 〉�N
denotes l2(�N)-scalar product. U : R → R is a self-potential. The corresponding

Gibbs measure is defined by

P U
N (dφ) = 1

ZU
N

exp
{−HU

N (φ)
} ∏

x∈�N

dφx

∏

x /∈�N

δ0(dφx), (1)

where dφx denotes Lebesgue measure on R, δ0 denotes Dirac mass at 0 and ZU
N is a nor-

malization factor. We denote PN the measure without the self-potential. In that case, the
measure coincides with the law of a centered Gaussian field on R

�N with the covariance
matrix (−�N)−1. It is well-known that the field has long range correlations under PN and
the following asymptotic behavior of the variance holds (cf. [9, Sect. 3], etc.):

VarPN
(φ0) = (−�N)−1(0,0) ∼

{
g2 logN if d = 2,

gd if d ≥ 3,
(2)

as N → ∞, where g2 = 2
π

and gd = (−�)−1(0,0) for d ≥ 3. � is a discrete Laplacian
on Z

d . The configuration φ = {φx}x∈�N
is interpreted as an effective modelization of (dis-

cretized) phase separating random interface embedded in the d + 1-dimensional space. The
spin φx denotes the height of the interface at the position x ∈ �N . Under PN , the interface is
said to be delocalized when d = 2 because the variance diverges as N → ∞. While, when
d ≥ 3 the interface is localized because the variance remains finite. What we are interested
in are the behavior of the interface under the measure P U

N and to clarify the effects of various
external potentials U . The earlier works have mainly focused on potentials of the following
type. We briefly summarize the typical results. For detail, see [9, 14, 15] and references
therein.

Pinning: This is the problem to study the effect of weak self-potential which attracts the
interface to the height level 0. For example, when the potential U is given by U(r) =
−bI (|r| ≤ a), a > 0, b > 0, this is called square-well pinning potential. In this case, the
field under P U

N turns to be localized and massive for every d ≥ 2 (cf. [2, 8]).

Entropic Repulsion: When U is (formally) given by U(r) = ∞·I (r < 0), this corresponds
to the “hard wall” condition:

�+
N = {φ;φx ≥ 0 for every x ∈ �N },

and the measure P U
N corresponds to the conditioned measure PN( · |�+

N). The following
result is known in this case (cf. [3, 4]):

lim
N→∞

inf
x∈�N,ε

PN

(∣∣∣∣
1√

logd(N)
φx − √

4gd

∣∣∣∣ ≤ δ|�+
N

)
= 1, (3)

for every d ≥ 2, ε > 0 and δ > 0 where log2(N) = (logN)2, logd(N) = logN for d ≥ 3
and �N,ε = {x ∈ �N ;dist(x,�c

N) ≥ εN}. Namely, the field is pushed up to the level
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√
4gd

√
logd(N). Since the estimate (2) means that the height of the interface |φ0| is of

order O(
√

logN) when d = 2 and O(1) when d ≥ 3 under the measure PN , by (3) we
see that once the hard wall is settled at height level 0, the interface is pushed up further at
the order of

√
logN for every d ≥ 2. Especially the interface turns to be delocalized when

d ≥ 3 by the hard wall. This phenomenon is called entropic repulsion and is caused by the
random fluctuation of the interface that naturally arises from the Lebesgue measure dφ in
the Gibbs measure (1), in other words, by entropic effects of the measure. The interface is
shifted above to keep enough width of the fluctuation.

Also, the competition between pinning and hard-wall is related to the problem of wetting
transition (cf. [15], etc.).

Now we are in the position to state the main result of this paper. The following theorem
means that entropic repulsion for the massless field occurs even under quite weak repulsive
force. We only require that the self-potential is non-increasing and the corresponding Gibbs
measure is well-defined.

Theorem 1 Let d ≥ 2 and U : R → R be an arbitrary non-increasing, non-constant func-
tion which satisfies ZU

N < ∞ for every N ≥ 1. Then, for every ε > 0, δ > 0 and γ > 0, the
following holds.

lim
N→∞

P U
N

(


{
x ∈ �N,ε;φx ≤ (1 − δ)

√
4gd

√
logd(N)

} ≥ γ |�N,ε|
) = 0. (4)

Also, if U satisfies the condition: there exists a ∈ R such that U(r) = const. for every r ≥ a,
then we have

lim
N→∞

P U
N

(


{
x ∈ �N,ε;φx ≥ (1 + δ)

√
4gd

√
logd(N)

} ≥ γ |�N,ε|
) = 0. (5)

In particular, a self-potential of the form U(r) = bI (r < a), b > 0 pushes up the in-
terface to the same level as the hard wall case and it does not depend on the parameter
b ∈ (0,∞], a ∈ R. The effect of repulsive self-potentials was originally discussed in [13].
Our result gives a refinement of their result.

Remark 1 As we imposed in the theorem, some assumption on U is needed to obtain the
upper bound (5) of the same level as (4). For example, consider the case that U(r) = −λr,

λ > 0. Then random walk representation yields that EPU
N [φx] = λEx[τN ] = O(N2) as

N → ∞ where τN is the first exit time of simple random walk from �N . Therefore the
lower bound (4) is not optimal in this case.

The proof of Theorem 1 is given in the next section. Our strategy is as follows: by an FKG
argument, essentially it is sufficient to prove the lower bound (4) for every non-increasing
function which satisfies the following condition: there exist a−, a+ ∈ R and b > 0 such that
U(r) = 0 for r < a− and U(r) = −b for r ≥ a+. For such a potential U , the corresponding
Gibbs measure P U

N can be represented as a weighted sum of a family of measures such
that each measure is conditioned to be greater than a− and has a certain self-potential on a
subset of �N (see (6) below). The weight of each measure gives a probability on P(�N),
the family of all subsets of �N and it can be compared with a Bernoulli measure on {0,1}�N

in the FKG sense. Also, the conditioned measure with the self-potential is compared with
the conditioned measure without the self-potential. As a result we can reduce our problem to
the study of entropic repulsion above a rarefied wall, that is, a hard wall which locates only
on the open vertices of Bernoulli site percolation on Z

d . This problem is studied in Sect. 3.
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Finally, we remark that throughout this paper below C represents a positive constant
which does not depend on N but may depend on other parameters. Also, this C in estimates
may change from place to place in the paper.

2 Proof of Theorem 1

2.1 Proof of the Lower Bound (4)

Let U : R → R be a non-increasing, non-constant function. Since adding a constant to the
Hamiltonian does not affect the Gibbs measure, we may assume that there exist a−, a+ ∈ R

such that 0 = U(a−) > U(a+). Set U0(r) := U(r)I[a−,a+)(r) + U(a+)I[a+,∞)(r) and U1 :=
U − U0. Then U0 and U1 are non-increasing functions. Now, for every non-increasing func-
tion f : �N → R, we have

EPU
N [f ] = Z

U0
N

ZU
N

EP
U0
N

[
f · exp

{
−

∑

x∈�N

U1(φx)

}]

≤ Z
U0
N

ZU
N

EP
U0
N

[
f

]
EP

U0
N

[
exp

{
−

∑

x∈�N

U1(φx)

}]
= EP

U0
N [f ],

where the inequality follows from FKG inequality for P
U0
N . Note that for an arbitrary self-

potential U , FKG inequality holds for the measure P U
N (cf. [10, Appendix B]). Therefore for

the proof of the lower bound, it is sufficient to prove (4) for every non-increasing function U

which satisfies the following condition: there exist a−, a+ ∈ R and b > 0 such that U(r) =
0 for r < a− and U(r) = −b for r ≥ a+. From now on, we assume that U satisfies this
condition.

By using the expansion

exp

{
−

∑

x∈�N

U(φx)

}
=

∑

A⊂�N

∏

x∈A

(e−U(φx) − 1)I (φx ≥ a− for every x ∈ A),

we have

EPU
N [f ] =

∑

A⊂�N


U
N(A)

ZU
N

EQ
U,A
N [f ], (6)

for any bounded measurable function f : �N → R, where

Q
U,A
N (dφ) = 1


U
N(A)

∏

x∈A

(e−U(φx) − 1)I�+
a− (A)(φ)e−HN (φ)

×
∏

x∈�N

dφx

∏

x /∈�N

δ0(dφx),


U
N(A) =

∫

R
�N

∏

x∈A

(e−U(φx) − 1)I�+
a− (A)(φ)e−HN (φ)

×
∏

x∈�N

dφx

∏

x /∈�N

δ0(dφx),

and �+
a (A) denotes the event {φ;φx ≥ a for every x ∈ A} for a ∈ R, A ⊂ Z

d .
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Set ρN(A) := 
U
N

(A)

ZU
N

. Then
∑

A⊂�N
ρN(A) = 1 and ρN gives a probability on P(�N), the

family of all subsets of �N . We denote the corresponding random variable by ÃN . Similarly
to the pinning case (cf. [2]), we can compare this measure with a Bernoulli measure. Let
σ = {σz}z∈Zd be i.i.d. {0,1}-valued random variables and νq, q ∈ (0,1) denotes its law with
νq(σz = 1) = q = 1 − νq(σz = 0).

Lemma 1 ρN is dominated by a Bernoulli measure on {0,1}�N from above and below in
the FKG sense. Namely, there exist q− = q−(a+, b), q+ = q+(b) ∈ (0,1) such that

Eνq−
[
g(AN)

] ≤ EρN
[
g(ÃN)

] ≤ Eνq+
[
g(AN)

]
,

for every non-decreasing function g : P(�N) → R, where AN = AN(σ ) under the measure
νq denotes the set {z ∈ �N ;σz = 1}.

Proof For every y ∈ �N and A ⊂ �N \ {y}, we have

ρN(y ∈ ÃN |ÃN \ {y} = A) =
(

1 + ρN(A)

ρN(A ∪ {y})
)−1

=
(

1 + 
U
N(A)


U
N(A ∪ {y})

)−1

.

Now, set hA(φ) := ∏
x∈A(e−U(φx) − 1) · I�+

a− (A)(φ),A ⊂ �N . Then


U
N(A ∪ {y})

U

N(A)
= EPN [hA∪{y}]

EPN [hA]
≥ EPN [h{y}] ≥ (eb − 1)PN(φy ≥ a+) ≥ (eb − 1)C,

for some constant C = C(a+) ∈ (0,1), where the first inequality follows from FKG inequal-
ity and the second inequality follows from the assumption that U ≡ −b on [a+,∞). Also,

trivially we have

U

N
(A∪{y})


U
N

(A)
≤ eb − 1. Therefore, we obtain

ρN(y ∈ ÃN |ÃN \ {y} = A)

{
≥ (eb−1)C

(eb−1)C+1
=: q−,

≤ eb−1
eb =: q+,

for every y ∈ �N and A ⊂ �N \ {y}. Hence the well-known Holley’s criterion (cf. [11])
holds and we obtain the lemma. �

We also have the following lemma.

Lemma 2 For every non-increasing function f : �N → R and A ⊂ �N , it holds that

EQ
U,A
N [f ] ≤ EPN [f |�+

a−(A)],

where the right hand side represents the expectation of the function f with respect to the
conditioned measure PN( · |�+

a−(A)).
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Proof We can compute that

EQ
U,A
N [f ]

= ZNPN(�+
a−(A))


U
N(A)

EPN

[
f ·

∏

x∈A

(e−U(φx) − 1)

∣∣∣�+
a−(A)

]

≤ ZNPN(�+
a−(A))


U
N(A)

EPN [f |�+
a−(A)]EPN

[∏

x∈A

(e−U(φx) − 1)

∣∣∣�+
a−(A)

]

= EPN [f |�+
a−(A)],

for every non-increasing function f , where the inequality follows from FKG inequality for
the conditioned measure PN( · |�+

a−(A)). �

By Lemmas 1, 2 and (6), for every non-increasing function f : �N → R and ε > 0, we
have

EPU
N

[
f

] = EρN
[
EQ

U,ÃN
N

[
f

]]

≤ EρN
[
EPN

[
f |�+

a−(ÃN)
]]

≤ Eνq−
[
EPN

[
f |�+

a−(AN)
]]

≤ Eνq−
[
EPN

[
f |�+

a−(AN,ε)
]]

,

where AN,ε = {z ∈ �N,ε;σz = 1}. Note that EPN [f |�+
a (A)] is non-increasing in A if f is

non-increasing. So the problem is reduced to the study of entropic repulsion above a rarefied
wall, that is, a hard wall which locates only on the open vertices of Bernoulli site percolation
on Z

d and the following proposition completes the proof of (4). The proof is given in the
next section.

Proposition 1 Let d ≥ 2. For every a ∈ R, q ∈ (0,1),0 < ε′ < ε < 1, δ > 0 and γ > 0, the
following holds.

lim
N→∞

Eνq

[
PN

(


{
x ∈ �N,ε;φx ≤ (1 − δ)

√
4gd

√
logd(N)

}

≥ γ |�N,ε|
∣∣�+

a (AN,ε′)
)] = 0.

Remark 2 The conclusion of this proposition was initially mentioned in p. 493 (3) of [1].

2.2 Proof of the Upper Bound (5)

Upper bound is easily given by comparison with the hard wall case. We may assume
that there exists some a ∈ R such that U(r) = 0 for every r ≥ a. Set U(k)(r) := U(r) +
k(a − r)4I (r ≤ a), k ≥ 1. Then U(k) −U is non-increasing continuous function and stochas-
tic domination P U

N ≺ P U(k)

N holds for every k ≥ 1 (cf. [10, Appendix B]). Also P U(k)

N weakly

converges to PN( · |�+
a (�N)) as k → ∞. Therefore we have EPU

N [f ] ≤ EPN [f |�+
a (�N)]

for every non-decreasing function f : �N → R and the upper bound follows from that for
the hard wall case (cf. [3, 4]).
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Remark 3 Since the proof of the upper bound relies on the result of the hard wall case, we
can also obtain the upper bound of pointwise estimate (3) for P U

N . On the other hand, we have
not obtained the pointwise estimate of the lower bound. For the lower bound, the density
estimate of high points like (4) and FKG argument yields the pointwise estimate (3) in the
hard wall case (cf. [4, proof of (1.4)] etc.). But their FKG argument does not work well in
our setting. For example, if N ≤ M , though stochastic domination PN( · |�+

N) ≺ PM( · |�+
M)

holds, P U
N ≺ P U

M does not hold in general.

3 Entropic Repulsion Above a Rarefied Wall

In this section, we give the proof of Proposition 1. We will prove the quenched estimate:

lim
N→∞

PN

(


{
x ∈ �N,ε;φx ≤ (1 − δ)

√
4gd

√
logd(N)

}

≥ γ |�N,ε|
∣∣�+

a (AN,ε′)
) = 0,

for νq a.e. σ . For this purpose, we first characterize a typical good configuration of the
random hard wall. Then, for fixed such a realization, we proceed the conditioning argument
developed by [1, 3], and [5]. The basis of our proof is that by the long range correlation of
the field, a hard wall at positive density points should be sufficient to push up the interface.

3.1 Proof of Proposition 1; The Higher Dimensional Case

We first prove the higher dimensional case d ≥ 3. Let a ∈ R,0 < ε′ < ε < 1, δ > 0, γ >

0, q ∈ (0,1) be fixed. We also choose η > 0 small enough and L ∈ N large enough. These
are specified later on. For z ∈ �L := [0,4L − 1]d ∩ Z

d , set �L
N,ε(z) := (z + 4LZ

d) ∩ �N,ε .
Since

{


{
x ∈ �N,ε;φx ≤ (1 − δ)

√
4gd

√
logN

} ≥ γ |�N,ε|
}

⊂
⋃

z∈�L

{


{
x ∈ �L

N,ε(z);φx ≤ (1 − δ)
√

4gd

√
logN

} ≥ γ |�L
N,ε(z)|

}
,

it is sufficient to show that

lim
N→∞

Eνq

[
PN

(
F 0

δ,γ |�+
a (AN,ε′)

)] = 0,

where

F 0
δ,γ = {



{
x ∈ �L

N,ε;φx ≤ (1 − δ)
√

4gd

√
logN

} ≥ γ |�L
N,ε|

}
,

and

�L
N,ε := �L

N,ε(0).

At first, we consider the configuration of rarefied wall distributed by the Bernoulli
measure νq . For x ∈ 4LZ

d , set θx = I (σz = 1 for some z ∈ B(x,ηL)) where B(x, r) =
{y ∈ Z

d;max1≤i≤d |yi − xi | ≤ r} denotes a box on Z
d with centered at x ∈ Z

d and side
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length 2r + 1. Under νq , {θx}x∈4LZd are i.i.d. and Eνq [θx] = 1 − (1 − q)(2ηL+1)d . Take L

large enough so that (1 − q)(2ηL+1)d < 1
8γ . Then, large deviation estimate yields that

νq

(


{
x ∈ �L

N,ε; θx = 0
} ≥ 1

4
γ |�L

N,ε|
)

≤ νq

(
1

|�L
N,ε|

∑

x∈�L
N,ε

(θx − Eνq [θx]) ≤ −1

8
γ

)

≤ e−CNd

,

for every N large enough. Especially by Borel-Cantelli lemma, for νq a.e. σ , there exists
some N0 = N0(σ ) ∈ N such that 
{x ∈ �L

N,ε; θx = 1} ≥ (1 − 1
4γ )|�L

N,ε| for every N ≥ N0.
We fix such a realization σ and prove that limN→∞ PN(F 0

δ,γ |�+
a (AN,ε′)) = 0 for AN,ε′ =

AN,ε′(σ ).
For x ∈ 4LZ

d with θx = 1, we choose a point z ∈ B(x,ηL) such that σz = 1 and denote it
as z = z(x). Set DN := {x ∈ �L

N,ε; θx = 1} and D̃N := {z(x);x ∈ DN }. We also define mL
x =

EPN [φx |F L], vL
x = VarPN

(φx |F L) where F L = σ(φy;y ∈ ∂+S(x,L), x ∈ �L
N,ε), S(x,L) =

{y ∈ Z
d; |y − x| ≤ L} is a ball on Z

d with centered at x and radius L. For A ⊂ Z
d , ∂+A =

{x /∈ A; |x−y| = 1 for some y ∈ A} denotes its outer boundary. Now, consider the following
events

F 1
δ,γ = {



{
x ∈ �L

N,ε;mL
x ≤ (1 − δ)

√
4gd

√
logN

} ≥ γ |�L
N,ε|

}
,

F 2
δ,γ = {



{
x ∈ DN ;mL

z(x) ≤ (1 − δ)
√

4gd

√
logN

} ≥ γ |DN |}.
Then we have

F 0
δ,γ ∩ �+

a (AN,ε′)

⊂ (
F 0

δ,γ ∩ (F 1
1
2 δ, 1

2 γ
)c

) ∪ (
F 1

1
2 δ, 1

2 γ
∩ (F 2

1
4 δ, 1

4 γ
)c ∩ �+

a (AN,ε′)
)

∪ (
F 2

1
4 δ, 1

4 γ
∩ �+

a (AN,ε′)
)
,

so

PN

(
F 0

δ,γ |�+
a (AN,ε′)

)

≤ PN(�+
a (AN,ε′))−1PN

(
F 0

δ,γ ∩ (F 1
1
2 δ, 1

2 γ
)c

)

+ PN

(
F 1

1
2 δ, 1

2 γ
∩ (F 2

1
4 δ, 1

4 γ
)c|�+

a (AN,ε′)
)

+ PN(�+
a (AN,ε′))−1PN

(
F 2

1
4 δ, 1

4 γ
∩ �+

a (AN,ε′)
)

=: I 1
N + I 2

N + I 3
N .

We show that each term in the right hand side goes to 0 as N → ∞.

Estimate on I 1
N : On F 0

δ,γ ∩ (F 1
1
2 δ, 1

2 γ
)c , we have




{
x ∈ �L

N,ε;φx − mL
x ≤ −1

2
δ
√

4gd

√
logN

}
≥ 1

2
γ |�L

N,ε|.
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Therefore,

PN

(
F 0

δ,γ ∩ (F 1
1
2 δ, 1

2 γ
)c

)

≤ EPN

[
PN

(
1

|�L
N,ε|

∑

x∈�L
N,ε

I

(
φx − mL

x ≤ −1

2
δ
√

4gd

√
logN

)
≥ 1

2
γ

∣∣∣F L

)]
. (7)

Under the measure PN( · |F L), {φx − mL
x }x∈�L

N,ε
are i.i.d. centered Gaussian random vari-

ables with the variance vL
x ≤ gd . Gaussian tail estimate shows that

EPN

[
I

(
φx − mL

x ≤ −1

2
δ
√

4gd

√
logN

)∣∣∣F L

]
≤ exp

{
−δ2

2
logN

}
.

Hence by large deviation estimate, the right hand side of (7) is less than e−CNd
for N large

enough.
On the other hand, by the result of [4], we have

PN(�+
a (AN,ε′)) ≥ PN(�+

a (�N,ε′)) ≥ e−CNd−2 logN .

Therefore we obtain limN→∞ I 1
N = 0.

Estimate on I 2
N : At first, we have

F 1
1
2 δ, 1

2 γ
∩ (F 2

1
4 δ, 1

4 γ
)c

⊂
{



{
x ∈ DN ;mL

z(x) − mL
x ≥ 1

4
δ
√

4gd

√
logN

}
≥ 1

16
γ 2|�L

N,ε|
}

⊂
{

there exists some x ∈ DN such that mL
z(x) − mL

x ≥ 1

4
δ
√

4gd

√
logN

}
.

Note that |DN | ≥ (1 − 1
4γ )|�L

N,ε|. Therefore, for the proof of limN→∞ I 2
N = 0, it is sufficient

to show that for r := 1
4δ

√
4gd and L large enough it holds that

sup
x∈�L

N,ε

sup
z∈B(x,ηL)

PN

(
mL

z − mL
x ≥ r

√
logN |�+

a (AN,ε′)
) = o(N−d), (8)

as N → ∞.
For x ∈ �L

N,ε and z ∈ B(x,ηL), set ψx,z := mL
z − mL

x . For the proof of (8), we first es-
timate the moment EPN [ψx,z|�+

a (AN,ε′)]. By random walk representation mL
z can be rep-

resented as mL
z = ∑

y∈∂+S(x,L) HL(z, y)φy where HL(z, y) = Pz(ξτ∂+S(x,L)
= y), {ξn}n≥0 is a

simple random walk on Z
d , Pz denotes its law starting at z and τ∂+S(x,L) is the first hitting

time to ∂+S(x,L). Therefore,

EPN
[
ψx,z|�+

a (AN,ε′)
]

≤
∑

y∈∂+S(x,L)

|HL(z, y) − HL(x, y)|EPN
[|φy ||�+

a (AN,ε′)
]
.

By Lemma 4.1 of [1], there exists some constant C1 > 0 such that, for every η small enough,
we have |HL(z, y) − HL(z′, y)| ≤ C1ηL1−d for every L large enough, z, z′ ∈ B(0, ηL) and
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y ∈ ∂+S(0,L). Also, for every y ∈ �N we have

EPN
[|φy ||�+

a (AN,ε′)
] = EPN

[
(φy)

+|�+
a (AN,ε′)

] + EPN
[
(φy)

−|�+
a (AN,ε′)

]
,

where we denote t+ := max{t,0}, t− := max{−t,0} for t ∈ R. By (3), we estimate that

EPN
[
(φy)

+|�+
a (AN,ε′)

] ≤ EPN
[
(φy)

+|�+
a (�N)

] ≤ C
√

logN,

and by (2),

EPN
[
(φy)

−|�+
a (AN,ε′)

] ≤ EPN
[
(φy)

−] ≤ EPN
[
((φy)

−)2
] 1

2 =
(

1

2
EPN

[
(φy)

2
]) 1

2 ≤ C.

Recall that EPN [f |�+
a (A)] is non-increasing in A if f is non-increasing. Hence we have

sup
y∈�N

EPN
[|φy ||�+

a (AN,ε′)
] ≤ C

√
logN,

for every N large enough. By these estimates, there exists some constant C2 > 0 such that
for every η > 0 small enough we have

EPN
[
ψx,z|�+

a (AN,ε′)
] ≤ C2η

√
logN,

for every N large enough.
Now, if C2η < 1

2 r then

PN

(
ψx,z ≥ r

√
logN |�+

a (AN,ε′)
)

≤ PN

(
|ψx,z − EPN [ψx,z|�+

a (AN,ε′)]| ≥ 1

2
r
√

logN |�+
a (AN,ε′)

)

≤ exp

{
− 1

2VarPN
(ψx,z)

1

4
r2 logN

}
, (9)

where the second inequality follows from Brascamp-Lieb inequality for the measure
PN( · |�+

a (AN,ε′)) (cf. [7, Appendix]). Note that ψx,z is represented as a linear sum of
{φy}y∈∂+S(x,L). Also, we have the following estimate on the variance of ψx,z.

Lemma 3 There exists some constant C3 > 0 such that for every η > 0 small enough, x ∈
�L

N,ε and z ∈ B(x,ηL) it holds that

VarPN
(ψx,z) = VarPN

(mL
z − mL

x ) ≤ C3η.

Proof The same statement for the case d = 2 has been proved in Lemma 12 of [3]. Since
the proof of the case d ≥ 3 is almost the same, we omit the detail. We have only to use the
following estimate on the Green function of the simple random walk in their argument.

E0

[ ∞∑

n=0

(I (ξn = x + y) − I (ξn = x))

]
= gd |y|Du(|x|2−d) + O(|x|−d),

for every y ∈ Z
d , y = |y|u (cf. [12, Theorem 1.5.5]). �
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By (9) and Lemma 3, we obtain

PN

(
ψx,z ≥ r

√
logN |�+

a (AN,ε′)
) ≤ N

− r2
8C4η .

Therefore, if η satisfies r2

8C4η
> d then (8) holds.

Estimate on I 3
N : For I 3

N , we have that

PN

(
F 2

1
4 δ, 1

4 γ
∩ �+

a (AN,ε′)
) ≤ EPN

[ ∏

z∈D̃N

PN(φz ≥ a|F L);F 2
1
4 δ, 1

4 γ

]
.

For given F L, if mL
z ≤ (1 − 1

4δ)
√

4gd

√
logN for z ∈ D̃N then

PN(φz ≥ a|F L) ≤ 1 − PN

(
φz − mL

z < −
(

1 − 1

5
δ

)√
4gd

√
logN

∣∣∣F L

)

≤ 1 − 1

CvL
z

exp

{
− 1

2vL
z

(
1 − 1

5
δ

)2

4gd logN

}
, (10)

for every N large enough. Since dist(z, ∂+S(x,L)) ≥ CL for every z ∈ B(x,ηL) and
limL→∞ vL

z = gd for fixed z, we have infz∈B(x,ηL) v
L
z > (1 − 1

5δ)2gd for L large enough.
Hence, there exist some C > 0 and β > 0 such that the right hand side of (10) is less than
1 − CN−2+β in this case. Since the number of such z ∈ D̃N is greater than 1

4 γ |DN | on

F 2
1
4 δ, 1

4 γ
and |DN | ≥ (1 − 1

4γ )|�L
N,ε|, we obtain PN(F 2

1
4 δ, 1

4 γ
∩ �+

a (AN,ε′)) ≤ e−CNd−2+β
for

every N large enough. By combining this estimate with the lower bound of PN(�+
a (AN,ε′)),

we obtain limN→∞ I 3
N = 0.

In conclusion, choose η > 0 small enough first to satisfy all the conditions above and
choose L large enough accordingly. Then, by proceeding all the argument from the begin-
ning, we can obtain the desired result.

3.2 Proof of Proposition 1; The Two Dimensional Case

Next, we consider the case d = 2. Let a ∈ R,0 < ε′ < ε < 1, δ > 0, γ > 0, q ∈ (0,1) be
fixed. We also choose α,β,η ∈ (0,1). α is close to 1 and β,η are close to 0. These are
specified later on. Set �α

N,ε(z) := (z + 4Nα
Z

2)∩�N,ε, z ∈ �α
N := [0,4Nα − 1]2 ∩ Z

2. Since

{


{
x ∈ �N,ε;φx ≤ (1 − δ)

√
4g2logN

} ≥ γ |�N,ε|
}

⊂
⋃

z∈�α
N

{


{
x ∈ �α

N,ε(z);φx ≤ (1 − δ)
√

4g2logN
} ≥ γ |�α

N,ε(z)|
}
,

it is sufficient to show that

Eνq
[
PN(F 0

δ,γ |�+
a (AN,ε′)

] = o(N−2α),

as N → ∞, where

F 0
δ,γ = {



{
x ∈ �α

N,ε;φx ≤ (1 − δ)
√

4g2 logN
} ≥ γ |�α

N,ε|
}
,

and �α
N,ε := �α

N,ε(0).
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At first, we consider a partition of �N,ε into boxes with side-length 2Nβ +1. The bound-
aries of neighboring boxes intersect and for simplicity, we always assume that �N,ε and
every boxes with centered at �α

N,ε , side-length 2Nα + 1 can be divided into such boxes

without reminder. We denote by �
β

N the set of these boxes in �N,ε . For every B ∈ �
β

N , large
deviation estimate yields that

νq

(

{x ∈ B;σx = 1} ≤ 1

2
q|B|

)
≤ e−C|B|.

Hence we have

νq

(
there exists some B ∈ �

β

N such that 
{x ∈ B;σx = 1} ≤ 1

2
q|B|

)

≤ e−CN2β

,

for every N large enough. Especially by Borel-Cantelli lemma, for νq -a.e. σ , there exists
some N0 = N0(σ ) ∈ N such that for every N ≥ N0 it holds that 
{x ∈ B;σx = 1} ≥ 1

2q|B|
for every B ∈ �

β

N . We fix such a realization σ and prove that PN(F 0
δ,γ |�+

a (AN,ε′)) =
o(N−2α) as N → ∞ for AN,ε′ = AN,ε′(σ ).

Now, consider the following events

F 1
δ,γ = {


{x ∈ �α
N,ε;mα

x ≤ (1 − δ)
√

4g2logN} ≥ γ |�α
N,ε|

}
,

F 2
δ = {

there exist some x ∈ �α
N,ε and y ∈ B(x,ηNα)

such that |mα
x − mα

y | ≥ δ
√

4g2logN
}
,

where we set mα
x = EPN [φx |Gα

N ], vα
x = VarPN

(φx |Gα
N) and Gα

N = σ(φy;y ∈ ∂+B(x,Nα), x ∈
�α

N,ε). Then we have

F 0
δ,γ ∩ �+

a (AN,ε′) ⊂ (
F 0

δ,γ ∩ (F 1
1
2 δ, 1

2 γ
)c

) ∪ F 2
1
4 δ

∪ (
F 1

1
2 δ, 1

2 γ
∩ (F 2

1
4 δ

)c ∩ �+
a (AN,ε′)

)
,

and

PN

(
F 0

δ,γ |�+
a (AN,ε′)

) ≤ PN(�+
a (AN,ε′))−1

{
PN

(
F 0

δ,γ ∩ (F 1
1
2 δ, 1

2 γ
)c

) + PN

(
F 2

1
4 δ

)

+ PN

(
F 1

1
2 δ, 1

2 γ
∩ (F 2

1
4 δ

)c ∩ �+
a (AN,ε′)

)}

=: I 1
N + I 2

N + I 3
N .

We estimate each term in the right hand side.

Estimate on I 1
N : I 1

N can be estimated in the similar manner to the higher dimensional case.
We have that

PN

(
F 0

δ,γ ∩ (F 1
1
2 δ, 1

2 γ
)c

)

≤ EPN

[
PN

(
1

|�α
N,ε|

∑

x∈�α
N,ε

I

(
φx − mα

x ≤ −1

2
δ
√

4g2logN

)
≥ 1

2
γ

∣∣∣Gα
N

)]
. (11)
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Under the measure PN( · |Gα
N), {φx −mα

x }x∈�α
N,ε

are i.i.d. centered Gaussian random variables
with the variance vα

x = g2 logNα(1+o(1)) as N → ∞ and Gaussian tail estimate shows that

EPN

[
I

(
φx − mα

x ≤ −1

2
δ
√

4g2logN

)∣∣∣Gα
N

]
≤ exp

{
− δ2

2α
logN

}
.

Hence by large deviation estimate, the right hand side of (11) is less than e
−C|�α

N,ε
| =

e−CN2−2α
for N large enough.

On the other hand, by the result of [3], we have

PN(�+
a (AN,ε′)) ≥ PN(�+

a (�N,ε′)) ≥ e−C(logN)2
.

Therefore we obtain that I 1
N = o(N−2α) as N → ∞.

Estimate on I 2
N : For I 2

N , we have

PN

(
F 2

1
4 δ

) ≤ CN2 sup
x∈�α

N,ε

sup
y∈B(x,ηNα)

PN

(
|mα

x − mα
y | ≥

1

4
δ
√

4g2logN

)
.

For x ∈ �α
N,ε and y ∈ B(x,ηNα), mα

x − mα
y under PN is a centered Gaussian random vari-

able and by Lemma 12 of [3], VarPN
(mα

x − mα
y ) ≤ C1η for some C1 > 0 if η > 0 is small

enough. Therefore Gaussian tail estimate yields that PN(F 2
1
4 δ

) ≤ e
− C2

η (logN)2
for every N

large enough. Combining this estimate with the lower bound of PN(�+
a (AN,ε′)), we obtain

that I 2
N = o(N−2α) if η is small enough.

Estimate on I 3
N : For I 3

N , we have

F 1
1
2 δ, 1

2 γ
∩ (F 2

1
4 δ

)c ∩ �+
a (AN,ε′)

⊂
{



{
x ∈ �α

N,ε;mα
y ≤

(
1 − 1

4
δ

)√
4g2 logN for every y ∈ B(x,ηNα)

}

≥ 1

2
γ |�α

N,ε|
}

∩ �+
a (AN,ε′)

⊂
{



{
x ∈ �α

N,ε;φy − mα
y ≥ −

(
1 − 1

5
δ

)√
4g2 logN

for every y ∈ B(x,ηNα) ∩ AN,ε′

}
≥ 1

2
γ |�α

N,ε|
}
,

for every N large enough. Therefore,

PN

(
F 1

1
2 δ, 1

2 γ
∩ (F 2

1
4 δ

)c ∩ �+
a (AN,ε′)

)

≤ EPN

[
PN

(
1

|�α
N,ε|

∑

x∈�α
N,ε

ζx ≥ 1

2
γ |Gα

N

)]
, (12)

where

ζx := I

(
φy − mα

y ≥ −
(

1 − 1

5
δ

)√
4g2 logN for every y ∈ B(x,ηNα) ∩ AN,ε′

)
.
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Under the measure PN( · |Gα
N), {ζx}x∈�α

N,ε
are independent {0,1}-valued random variables.

Therefore, if we have

lim
N→∞

sup
x∈�α

N,ε

EPN [ζx |Gα
N ] = 0, (13)

then we can apply a concentration estimate (e.g. [6, Corollary 2.4.14]) and the right hand
side of (12) is less than e

−C|�α
N,ε

| = e−CN2−2α
. Hence we obtain that I 3

N = o(N−2α).
Finally, for the proof of (13), we prepare the following lemma.

Lemma 4 Let d = 2. Assume that A ⊂ Z
2 satisfies the following condition: there exist

β0 ∈ (0,1) small enough and C0 ∈ (0,1) such that for every N large enough, it holds that
|B ∩ A| ≥ C0|B| for every B ∈ �

β0
N . Then, for every ε > 0 and r < 1, it holds that

lim
N→∞

PN

(
φx ≥ −r

√
4g2 logN for every x ∈ �N,ε ∩ A

) = 0.

The proof of this lemma is given in the end of this section. Now, for every x ∈ �α
N,ε ,

{φy −mα
y }y∈B(x,Nα) under PN( · |Gα

N) is a centered Gaussian field with the covariance matrix

(−�Nα)−1. Therefore, by taking α,β ∈ (0,1) as 1
α
(1 − 1

5 δ) < 1 and β

α
= β0, we can apply

Lemma 4 and obtain (13). Note that |B ∩ AN,ε′ | ≥ 1
2q|B| for every B ∈ �

β

N ∩B(x,ηNα) by
the choice of σ .

Proof of Lemma 4 The proof is given by a multi-scale analysis and is the same as the proof
of [5, Theorem 1.3]. Roughly speaking, if the region A spreads evenly over Z

2 and has
positive densities in every boxes with small scale, then the event that the height of the field
is greater than −r

√
4g2 logN , r < 1 for every points in �N,ε ∩ A is incompatible with the

fact that the 2-dimensional massless field has spikes of height α
√

4g2 logN in the region of
the length scale O(Nα), 0 < α < 1 (cf. [3, 5]).

We introduce some notations. Set �0
N = {{x};x ∈ A ∩ �N,ε} and for 0 < α < 1, let

�α
N be the collection of adjacent sub-boxes of side length 2Nα + 1 in �N,ε such that

�N,ε = ⋃
B∈�α

N
B . For simplicity we assume that �N,ε can be divided into such boxes with-

out reminder. Next, we define a collection of boxes as follows. Fix 1
2 < α < 1, an inte-

ger K ≥ 2 and let αi := K−i+1
K

α,1 ≤ i ≤ K + 1. We first set �α1 := �
α1
N . Then assuming

that �αi
has been defined, for any B ∈ �αi

we draw a square of side length Nαi + 1 with
the same center as B . The collection of sub-boxes in �

αi+1
N that intersect that square is

called �B,αi+1 and let �αi+1 := ⋃
B∈�αi

�B,αi+1 . For any box B , we write xB for the center

of B and φB := EPN [φxB
|F∂B] where FA = σ(φx;x ∈ A),A ⊂ Z

d . Next for 0 < η < 1 and
2 ≤ k ≤ K + 1, we set

nk := Nκ+ 2α(k−1)
K

(1−η2)

and

Dk := {
B(k);φBi

≥ (α − αi)η(1 − γK)
√

4g2 logN for every 1 ≤ i ≤ K
}
,

Ck := {

Dk ≥ nk

}
,

where κ > 0 is a constant in the proof of [5, Theorem 1.3], γK := 1
K

and B(k) denotes a
sequence of boxes (B1, . . . ,Bk) which satisfies B1 ⊃ B2 ⊃ · · · ⊃ Bk and Bi ∈ �αi

,1 ≤ i ≤ k.
Actually, the difference to the proof of the lower bound of [5, Theorem 1.3] is only the
definition of �0

N . The definition of �B,αK+1 and �αK+1 changes accordingly.
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Now take α < 1, η < 1 close to 1 and K large enough so that αη(1 − γK) > r . Then we
have

{
φx ≤ r

√
4g2 logN for every x ∈ �N,ε ∩ A

}

⊂ {


{
x ∈ �N,ε ∩ A;φx ≥ αη(1 − γK)

√
4g2 logN

}
< nK+1

}

⊂ Cc
K+1.

Therefore, by symmetry it is sufficient to prove limN→∞ PN(Cc
K+1) = 0. This can be proved

by the completely same argument to the proof of the lower bound of [5, Theorem 1.3]. In
fact, the difference is only the estimates which concern with |�B,αK+1 |,B ∈ �αK

and if β0

is less than the parameter αK = α
K

(NαK is the smallest mesoscopic scale in the multi-scale

analysis), then by our assumption it holds that |�B,αK+1 | ≥ 1
4C0|B| ≥ C0N

2α
K for every box

B ∈ �αK
. This estimate is the same as the one in [5] and all the arguments there work well. �
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